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Abstract 

We classify all real three dimensional Lie bialgebras. In each case, their automorphism group as Lie 
bialgebras is also given. 
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Introduction 

Our goal is to classify the real three dimensional Lie bialgebras. Recall that a Lie bialgebra over a field K is 
a triple (g, [—, —],6) where (g, [—, — ]) is a Lie algebra over K and S : g ^ A^g is such that 

• the induced map S* : A^g* C (A^g)* ^- g* is a Lie algebra structure on g* , 

• S : g —?' A^g is a 1-cocycle in the Chevalley-Eilenberg complex of the Lie algebra (g, [—.—]) with 
coefficients in A^g. 

The Jacobi condition for S* is called co-Jacobi condition. A Lie bialgebra is said factorizablc, if there exist 
r e g g such that S{x) = ada;(r) Vx S g, r satisfies the classical Yang-Baxter equation and the symmetric 
component of r induces a nondegenerate inner product on g*. According to [A- J], a real Lie bialgebra is said 
almost factorizable if the complexification is factorizable. 

In [G], the author gives a classification of three dimensional Lie bialgebras, but for example, in the 
s[(2,M) case, we find differences between his result and our. Namely, we find for s[(2,M), three families of 
isomorphism classes of Lie bialgebras, apart from the co-abelian (see section 10 for the details). Our first 
case is a 1-parameter family: the cobracket is a positive multiple of ad(r) with r — y A x in the standard 
basis {h,x,y}. The multiple can always be chosen positive because we prove that {g,S) and (g, — (5) give 
isomorphic Lie bialgebras in this case, while in [G] they appear as non isomorphic. Our second 1-parameter 
family coincides with the one in [G]. On the other hand, for the third type, r± = zL^h A x give two non- 
isomorphic (triangular) Lie bialgebras on s[(2,R), unlike the situation in [G] where only one possibility of 
sign is found. 

In [RA-H-R] all the r-matrices for real 3-dimensional Lie algebras are computed; but for 3-dimensional 
solvable Lie algebras H^{g, A^g) is not trivial. Besides, in our work, we distinguish the isomorphism classes 
of Lie bialgebras. Although we do not find explicitly the r-matrices in the cases of coboundary Lie bialgebras, 
it is not hard to compute them. We compute (A^g)^ and all the 1-cocycles, which imply the computation of 
dimi/^(g, A^g) (see table below), since the space of coboundaries is isomorphic to A^g/(A^g)8. 

Dimension of H^ {g, A^ g) for real 3-dimensional Lie algebras 
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Our method is direct: we fix a Lie algebra structure, find all possible 1-cocycles, solve the co-Jacobi 
condition and let the Lie algebra automorphisms group act on the set of solutions; in this way we find 
simultaneously the isoclasses of Lie bialgebras and its automorphism group as Lie bialgebras. Our main 
result is the complete classification of the real 3-dimensional Lie bialgebras, which is given case by case in 
each section; the Lie bialgebras automorphisms groups are given as well. 

Both authors thank M.L. Barberis for helpful comments on the automorphism groups and very fruitful 
discussions. 

1 General results 

The center. Given a Lie bialgebra (g, [— , ^],S), if one fixes the Lie algebra structure and varies 6, the 
1-cocycle condition can be viewed as a set of linear equations in the matrix coefficients of the cobracket. 
Anyway, in some cases, the following property simplifies computations: 

Proposition 1.1. Let g be a Lie algebra and (5 : g ^- A^g a 1-cocycle, then S{Zg) C (A^g)3. 

Proof. Let z G Zq and x G g arbitrary, the 1-cocycle condition reads 

6[x, z] = [Sx, z] + [x, Sz] 

But z G Zg implies [x, z] ~ for any x, and also [z, A^g] = 0, so we conclude [x, Sz] — 0, Vx G g, namely, 
5z G (A2g)3. ' D 

The above proposition will be useful when Zg is "big" and (A^g)^ "small" . So, it will be useful to start 
computing the center and the invariant part or A^g. 

The derived ideal [g, g]. Recall that a coideal in a Lie bialgebra g is a subspace V C g such that SV C VAg. 
Such a subspace occurs as kernel of a Lie coalgebra map. The 1-cocycle condition for S implies the following: 

Proposition 1.2. Let {g,6) be a Lie bialgebra, then [g,g] is a coideal. In particular, the quotient g/[g,g\ 
admits a unique Lie bialgebra structure such that the canonical projection is a Lie bialgebra map. Moreover, 
if {Qi^i)- {2,^2) as Lie bialgebras, then (g/[g,g],5i) = (g/[g, g], ^2). 

Notice that the Lie algebra structure on g/[g,g] is trivial, so a Lie bialgebra structure on g/[g,g] is 
equivalent to an usual Lie algebra structure on (g/[g,g])*. 

Lemma 1.3. Let g be a Lie algebra and -0 : g — > g a Lie algebra automorphism, then ip induces Lie algebra 
morphisms ip\[g.g] ■ [g,g] — > [g,g] and xp : g/[g,g] -^ fl/ifljfl]- The applications Aut(g) — >■ Aut([g,g]) and 
Aut(g) — > Aut(g/[g,g]) defined by ip t-^ ''/'kg.g] '^'^'^ "0 h- > -0 are group homomorphisms. 

Remark 1.4. Proposition L2 says that by trivializing the bracket one gets a quotient Lie bialgebra. The 
dual statement 0} Proposition 1.2 is about a subobject of g instead of a quotient: Ker 5 is a Lie subalgebra 
(due to the 1-cocycle condition) and it is obviously maximal with respect to the property of having trivial 
cobracket. If gi = g2 are two isomorphic Lie bialgebras, then Ker 5i = Ker 82 as Lie algebras and also as 
bialgebras with trivial cobracket. 

The characteristic bi-derivation. Let (g, [—,—], (5) be a Lie bialgebra. The characteristic endomorphism 
X> : g -^ g given by 




is clearly preserved by Lie bialgebra isomorphisms. Namely, if : g — >■ g' is a Lie bialgebra isomorphism 
and T>g and Vgi denote the endomorphism associated to g and g' respectively, then 2?g/ ~ (fyD^cp'^. As 



a consecuence, any function in V, which is invariant under conjugation, provides an invariant of the iso- 
morphism class of the Lie bialgebra. For example, det(I?) and tr(I?) are (real) numerical invariants. The 
characteristic polynomial of V and its Jordan form are also invariants. Lie bialgebras q such that Vg ~ 
are called involutive, but, in many cases V is far from being zero. The following proposition is standard. 



Proposition 1.5. Let q be a Lie bialgebra and V = [— , — ] 
bracket and a coderivation with respect to the cobracket. 



o S. Then V is a derivation with respect to the 



Proof. We will prove that I? is a derivation, the second claim follows by dualization. Let us write the 1-cocycle 
condition using Sweedler-type notation: 5[a;,2/] = [6x,y] + [x,dy] — [xi Ax2,2/] + [x, j/iAj/2] = [a;i,2/]Aa;2-|-a;i A 
[x2,y] + [x,yi]Ay2+yiA[x,y2]. Then it follows that 2? [a;,?/] = [[xi,y],X2] + [xi,[x2,y]] + [[x,yi],y2] + [yi,[x,y2]]. 
Using Jacobi identity and the definition of V, we get 



T^[x,y] = [[xi,X2],y] + [x,[yi,y2]] == [T>x,y] + [x,Vy] 



D 



2 Two dimensional Lie bialgebras 

In a similar way that one proves that there are only two isoclasses of Lie algebras of dimension 2, an easy 
manipulation of basis shows that the following list exhausts the isoclases of two dimensional Lie bialgebras. 
The structure is given in a basis {h, x} of g. 

2-dimensional Lie bialgebras isomorphism classes 
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where aff(IK) is the non-abelian 2-dimensional Lie algebra over K. 

The first four lines are clearly non isomorphic among them, and non isomorphic to any of the last line. 
Finally, thanks to the invariant given by the trace of the characteristic derivation, one sees that they are not 
isomorphic to each other for different /i. The same table is valid for any field K, replacing off(K) by aff(K). 



Remark 2.1. A similar table appears in [K-S], but without the parameter ji, which can not be eliminated, 
because tr(2?) is an invariant of the Lie bialgebra. 

Simply by inspection, notice the following: 

Proposition 2.2. // (g, [— , — ], 5) is a Lie bialgebra with dimg = 2 and D — [— , — ] o 5, then, whithin the non 
abelian and non co-abelian cases, tr(I?) is a total invariant. With notation as in the table, ciff2,^ — <^ff2,fj,' */ 
and only if jjl = ^! . 

Corollary 2.3. Let a,b,c,d CzR such that (a, b) 7^ (0, 0) and (c, d) 7^ (0, 0); consider Qabcd the Lie bialgebra 
given by [h, x] ^ ah + bx, 6h = ch A x, Sx — dh A x, then Qabcd == ciff2 u(^) ™*^^ fi = ac + bd. 

Proof. Since (o, b) ^ (0, 0) and (c, d) ^ (0, 0) we are not in the abelian or co-abelian case. It suffices to 
compute the trace of V. The computations T>{h) = c[h, x] and 'D{x) = d[h, x] give tr(I?) = ac + db. D 



Automorphisms groups in the non abelian and non co-abelian cases. Consider the ordered 
basis {h,x} of g, tlicn ttie Lie bialgebra autoniorpliisnis groups in tlic non abelian and non co-abelian cases 
are as follows: 

• Case g = aff(M) with [h, x] ^ x and Sh = h A x; 6x ~ 0; 

Aut(fl) = I (^ J ly. beR 
In particular, any of these maps is the exponential of a multiple of 

• Case g = aff(M) with [h, x] = x and Sf^h = 0; S^x = fih A x: 

Aut(0) = I ( J 2 ) : ^ rf e 



Any of these maps with d > is the exponential of a multiple of 


A* 

an automorphism of the Lie bialgebra is not surprising, since we already knew that I? is a derivation and a 
coderivation. 



2?p = [—,—] ° Sf^ = [ ^ j . The fact that the exponential of (a multiple of) the endomorphism D gives 



3 Three dimensional real Lie algebras 

Theorem 3.1. [G-O-V] The following list exhausts the 3-dimensional solvable real Lie algebras: 



R3 

t^3 
t3,A 



the three dimensional abelian; 
[61,62] = 63, the three dimensional Heisenberg; 

[61,62] =62, [61,63] = 62 +63; 

[61,62] =62, [61,63] == Ae3, |A| < 1; 

[61, 62] = A62 - 63, [61, 63] = 62 + A63, A > 0. 



Denote u = ^, v = ^-y^, w = ^-^L-Ml- ffig semisimple 3-dimensional real Lie algebras are 

S((2,K) : [h,x] = 2x, [h,y] = -2j/, [x,y] - h 
su(2) : [u, v\ =: w, [v, w\ = u, [w, u] ~ v. 

Three dimensional real Lie bialgebras: general strategy. In order to classify all real three 
dimensional Lie bialgebras we will procede as follows: 

1. Given a Lie algebra g, we find the general 1-cocycle S : g ^ A^g. 

2. Determine when S satisfies the co-Jacobi identity. 

3. Study the action of Aut(g, [— , — ]) on the set of cobrackets S. 

4. Find a set of representatives, hence, the list of isomorphism classes of Lie bialgebras with underlying 
Lie algebra g. 

To give a Lie bialgebra structure on the abelian Lie algebra M'^ is the same as giving a Lie algebra 
structure on (K."^)*, so the list of all three dimensional Lie bialgebras with underlying Lie algebra K."^ is in 
obvious bijection with the list of three dimensional Lie algebras. 

Next, we proceed with the other cases: first f)3, the only 3-dimensional nilpotent and non abelian Lie 
algebra, secondly the solvable non nilpotent r3, r3.A and tg ^, and finally the simple su(2) and s((2,M). 



3.1 The general co-Jacobi condition 

If Q is any three dimensional Lie algebra, we will write the structure in terms of basis {x, y, h} of g and 
{x A y, y A h, h A x} for A^(g). Write, with a^, 6^, c^ € K, z = 1, 2, 3, Sx = aix A y + a2y A h + a^h A x; 
Sy = bix Ay + 62?/ A h + b^h A x; Sh = Cix Ay + C2J/ A h + c^h A x. 
For a linear map 5 : g — > A^g, the co-Jacobi condition is equivalent to the equations 

—0162 + a2{bi — C3) + a3C2 = 0, 

has - &2C3 + h{-ai + C2) = 0, 

ci(a3 - 62) + C2&1 - c^ai = 0. 

4 Lie bialgebra structures on f)3 

Recall that the Lie algebra ()3 has a basis {x, y, h}, with the relations [h,x] = 0, [ft^,y] ~ 0, [a;,y] = /i. We 
list general properties of (53: 



• 



[[)3,t)3]-M/i; [t)3,[f)3,t)3]]-0. 



• Z([)3) = M/i, (A2[)3)''3 = My A /i ® K/i A a;. 



The automorphisms group of [)3 is the following subgroup of GL(3,R): 

M P 
Aut([)3) = <( 0^,p,o-,,.,a,b = ( cr 1/ \ : iJ,iy - per = \ y^ 

a b X 

The 1-cocycle condition. Consider the basis {x A y, y A h, h A x} oi A^([)3) and write 5 as in 3.1. 
Proposition 1.1 implies Sh — C2y A h + csh A x, namely ci — 0. The 1-cocycle condition for [/i, x] and [/i, y] 
is the content of the proof of this proposition, so it gives no further information in this case. Besides, the 
1-cocycle for [x, y\ — h reads 5h = 5[x^ y\ = [5x, y\ + [x, 5y\^ then 

5h = C2y A h + c^h A x 

= [aix Ay + a2y Ah + a^h A x,y] + [x, bix Ay + 622/ A h + b^h A x] 
— aih A y + bix A h 

so C2 = —ai and C3 = —61. Hence, then general 1-cocycle is 

6{x) ~ aix Ay + a2y A h + a^h A x; 
d{y) = bix Ay + b2y A h + bsh A x; 
S{h) — —aiyAh — bihAx 

/ ai bi 
In matrix notation, <5 = a2 &2 ^o-i 

\ 03 63 -5i 
The co-Jacobi condition (see 3.1) restricted to a 1-cocycle in f)3 reduces to 

20261 - ai(a3 + 62) =0, 
bia^ + 6162 - 2ai63 == 0, 

which arc not so easy to solve, so we use a dimensional reduction procedure, thanks to the results of section 
1. 



4.1 Consequence of the general result for f)3/[f)3,[)3 

Lemma 4.1. For q = [)3, the natural application of Lemma 1.3 
Aut(g) — > Aut(g/[g, g]), defined by tp i-^ tp , is a split epimorphism. 

Proof. Consider the basis {x,y, h}, the sphtting may be defined as 

Aut(0/[0,0]) ^ Aut(0) 



fi p 



t-^ = 



A* 


p 





(T 


V 











fiu — per 



D 

We know dim([}3/[l)3, t}^]) — 2 and ([}3/[l)3, f)3]) is abehan. According to the section 2, there are only two 
classes of isomorphisms of 2-dimensional Lie bialgebras with abelian bracket: the co-abelian one and the one 
with 6{x) = and d{y) = x Ay. Observe that, in virtue of the form of the Lie algebra automorphims, there 
is no lost of generality in assuming that the basis {x, y} is the one which allows us to write 6 in this form 
since any automorphism of (f)3/[i}3, fis]) may be lifted to an automorphism of 1)3. Explicitly, we may assume 
ai = and there are two possibilities for 6i, namely, 6i = or 6i = L In matrix notation. 



<5()i=0 




a2 &2 
as &3 



and 6i 



bi=i 






1 





0-2 


&2 





as 


^^3 


- 



1 



Returning to the co-Jacobi condition with the assumption oi ~ 0, it is automatically satisfied in the case 
bi — 0, and it reduces to 62 + as = = 2a2 if fei = 1. 

1 
Case 61 — 1. In this case, 6 ^ \ —03 I . After conjugation by 4'^^u,p,(j,a,b, we get 

as ^3 -1 



5' 



1 



pv — pa 



a 

bscr^ 

^ly — pa 

-au-\-a3piy-\-b(7-\-b3iya — a3p(7 

illy — pa 



V 

av — a'^pv — ha-\-h^,va^a^,pa 
p.iy — pa 



fiiy—pa 



— G 

— V 





If one wants to preserve the condition a!^ = then it must be cr = 0, so 5' 



The condition b\ = 1 forces /i = 1, so, with cr = and /i — 1, (5' 



Taking an automorphism with a = 33 we get ag = 0, namely b changes into 



(5' = (5b3 



An automorphim preserving also a3 = must have a = 0, and in this case (5' = b. Finally, the list of 
isoclasses of Lie bialgebras is given by the cobrackets {(5f,3 : 63 G M} given above. For each of these, the 
automorphism group of Lie bialgebras is 



G 



Pp,u,b 




jy^O,b,pe 





Case bi ~ 0: In this situation, co-Jacobi is automatically satisfied. Let S = [ a2 &2 | and let us 

as 63 
compute S' :— {(f) A (f>)^^S(l) with cj) = (j)^^u,p,a,a,b then 

I ( ^ 

(5' = -2 02^^ + cr,u(a3 + 62) + ^30"^ 12^1^ + a2^-Lp + b'ii'a + a^p(T 

y^v pa) y a2p.p + h2p(y + fes'^f + a?,vp b^i/'^ + (03 + b2)piy + 02/?^ 

Although the matrix , does not correspond to a symmetric bilinear form, it changes according to 

V «3 03/ 
the following rule: 

^2 \ _ 1 f P (^ \ f 12 b2 \ f fi p 



4 ^3 / ipi' - pcr)2 \^ p 1/ y \^ as hi J \ a v 

Namely, it changes as a bilinear form, divided by the square of the determinant pv — pa. We know that it can 
be diagonalized; hence, we may assume that, up to isomorphism, 62 = as = 0. Also, with an automorphism 
with p = (7 = 0, the coefficients change according to the rule a!^ = 0,2/^'^, ^3 = 0, 63 = 0) ^3 = b^l P^i so 
the full list of possibilities, up to isomorphism, are a2 ~ 0, ±1 and 5 = ± 1. Using the automorphism with 
p — ly — 0, p = a = 1 we get a2 — 62 and b'2 — a^, so the Lie bialgebra with cobracket with 02 = 1 = — 63 is 
isomorphic to the one with cobracket with 02 = —1 = — ^3. 

We also know that the signature is an invariant of bilinear forms and it is an invariant also in this case, 
because the difference between the action on bilinear forms and our case is the multiplication by the square 
of the determinant, which is a positive number. Similar consideration holds for the rank. We conclude that 
the list of isomorphism classes is given by 5a2,b3 obtained by choosing the parameters (02, 63) ~ (0, 0), (1, 1), 
(—1,-1), (1,-1), (1,0), (—1,0). This completes the proof of the following statement. 

Theorem 4.2. For the Lie algebra [)3 the exhaustive list of the isomorphism classes of Lie bialgebra structures 
is parametrized by the following set of cobrackets: 





i5t3 = : 63 e K, and da^M = 

V 63 y 

TOi/i(a2,63) = (0,0), (1,1), (-1,-1), (1,-1), (1,0), (-1,0). 

5 Lie bialgebra structures on x^ 

Recall rs is the real Lie algebra with basis {x, y, h} and Lie brackets given by 

[h,x]^x, [h,y]^x + y, [x,y]^0 

Lemma 5.1. Z(r3) = and (A^rs)"-^ = 0. 

Proof. ada;(oa; + by + ch) = —ex = implies c = and = ad^(aa; + by) = ax + b{x + y) implies a = = 5. 
liu! = ax^y + bx^h + cy^h<E (A^rs)''^ then 

adh{Lo) = 2ax A y + {b + c)x A h + cy A h ^ 

implies a = b = c = 0. D 



1-cocycles on x^. Let us write, as in 3.1, with a^, bi, Ci G R, 5{x) — aix A y + a2y A h + a^h A x, 
6(y) — bix Ay + b2y A h + b^h A x, 6{h) ~ cix Ay -\- C2y Ah + c^h A x. The 1-cocycle condition for [x, y] = 
and (5[a;, 2/] = [5x, y] + [x, 5y] give 

— [aix Ay + a2y A h + a^h A x,y] + [x, bix Ay + 622/ A h + b^h A x] 
— a2y Ax + a^y A x ~ 62J/ A x 

so a2 + 03 — 62 = 0. Now, [h, x] ^ x and 6[h, x] = [6h, x] + [h, Sx] imply 

aix Ay + a2y A h + a^h A x 

— [cix Ay + C2y A h + c^h A x,x] + [h, aix Ay + a2y A h + a^h A x] 

— C2y A a; + 2aix Ay + a2{x + y) A h + a^h A x 

so fli = — C2 + 2ai and 03 = — a2 + 03. This is equivalent to ai = C2 and 02 = 0. Finally, [h, y] = x + y and 
S[h,y]^ [Sh, y] + [h, Sy] imply 

(ai + bi)x Ay+{a2 + 62)2; A /i + (03 + 63)/! A x 
= [cix Ay + C2y A h + c^h A x,y] + [ft,, 61a; Ay + 622/ A h + b^h A x] 

— C2y A a; + C32; A a; + 2bix A y + b2{x + y) A h + b^h A x 

So, ai + 61 = — C2 ~ C3 + 25i, a2 + b2 — b2, a^ + bz — —62 + 63. Solving all the linear equations, we obtain 
a2 — az — b2 — 0, C2 = ai, C3 = 5i — 2ai. Hence, a general 1-cocycle i5, is given by 

5{x) — aix A y 

(5(2/) = bixAy +b^hAx 

5{h) = cix A y + aiy A h +{bi — 2ai)h A x 

Or, in matrix notation: 

ai bi c\ 

5= ( ai 

63 5i - 2ai 

The co-Jacobi condition for a general 1-cocycle is simply 2a\ = 0. Hence, a 1-cocycle satisfying also co-Jacobi 
is of the form 

5i ci 
(5=10 

63 5i 

The Lie algebras automorphism group of r3 is the following subgroup of GL(3, 

fi p a 
t>f^,p,a,b = \ ^i b \ : fi,p,a,beR, ^^0 
1 







bi+bbs 



fci +bb3 2fcbi+fc^b3+ci 

Under the action of the automorphism group, a 1-cocycle 5 maps into (5' = | 

^ 
then 63 is an invariant. 

Case 63 7^ 0. Taking b — —61/63 we get b[ — 0, so we may assume 61 = 0. The conditions b[ = is preserved 
only if 6 = 0, and in that case S changes into 

0^ 

(5' = I 

63 



So, ci can be chosen up to positive scalar and we can take the numbers c — 0, ±1 as representatives. We 

conclude that the isomorphism classes of Lie bialgebras with coefficient 63 7^ consist of three 1-parameter 

families with cobrackcts: 

■ ci 

6b,,c^ = \ I :ci= 0,1,-1, 63^0 

63 ^ 

/ ^1 p a 
For ci = 0, the automorphism group consists of'^j /i |:/i, aeR, /iT^O}, and for ci — ±1, we 

1^ 

( / fi p a 
have c']^ = C3//i^, so /i^ must be equal to 1, and the automorphism group is < p |:aGK, /i = ±l 

IV 1, 
/ 61 ci \ / h/p (266i+ci)^2 

Case 63 = 0. We have then 5=OOOi-^(5'=0 | hence, 61 is 

\00 6i/ \0 bi/p 

determined up to a multiple; we consider the cases 61 7^ and bi ~ 0. 

\Ip (2fe + ci)^2 \ 
Case h\ 7^ 0. We may assume 61 = 1 then (5' = | . If wc whish to preserve 61 = 1 

1/p ) 

1 26 + ci \ 
we need to impose that p = 1; we obtain 5' = | . We may choose b — — ^' ^'^ ^^^ ^^^ 

1 / 

/ 1 
c'l — and take as a representative of the class of isomorphism 5=0 | . The automorphisms 

\ 1 
group of this Lie bialgebra is 

Gb.^o^ Jo 1 :p,aeM, 

Case fei = 0. We have then 

ci \ / ciIp^ 

00 Oh^(5'=00 
000/ \00 

Hence, we obtain that ci — 0, ±1 are all the possibilities for ci. The automorphisms group of such Lie 
bialgebra with ci = is 

{I p p a 
p b I : ^,/9,a, 6 e E, /i 7^ 
V 1 

On the other hand, the automorphisms group of the Lie bialgebras classes with ci = ±1 consists of the 
Lie algebra maps satisfying p^ = 1; hence 

( f p p a 

G6i=o.ci7to = < p b I : /i,/9,a, 6e K,/i = ±1 
IVO 1 

Theorem 5.2. The isomorphism classes of Lie bialgebra structures on r3 is given by the following list of 
cobrackets: 

1 \ / ci 

<5bi^o,b3=o = I and5c„b.,--\ | : 63 e M, ci = 0,±1 

001/ \ 63 



6 Lie bialgebra structures on v^x , with |A| < 1. 

Recall that Vs^a is the Lie algebra with bases {a;, y, h}, and bracket [h,x] ~ x, [h,y] ~ Xy, [x,y] — 0. We 
list general properties for v^^x: 

• if A 7^ then Z(g) = 0; if A = then Z{q) = (y). 

• If A = -1 then A2(g)0 = (xAy). If A 7^ -1 then A^{q)^ = 0. 
Proposition 6.1. All the 1-cocycles on the Lie algebra v^^x with |A| < 1 are 

ai Ac3 ci \ / ai C3 a 

(5=1 Aa3 Aai i/ A 7^ 1, <5 = 02 03 ai | */-^ = 1 

as C3 y \ as 63 C3 

where we consider the basis {x Ay, y A h, h A x} of A^(g) and notations as in 3.1. 
Proof. Let (5 : g ^ A^(g) be a 1-cocyle, then 5[h, x] — [5h, x\ + [h, 5x\ and [h, x] = x imply 

aix Ay + a2y A h + a^h A x 
= [cix Ay + C2y A h + c^h A x,x] + [h, aix Ay + a2y A h + a^h A x] 
= C2y A a; + ai(l + A)a; Ay + Xa2y A h + a^h A x 

We conclude Aai — C2, a2 — Aa2, so 02 = if A 7^ 1, and no condition in a2 for A = 1. In an analogous way, 
using the cocycle condition 5[h, y\ ~ [5h, y\ + [h, 5y\ for [h, y\ = \y, we get 

A(6ia; Ay + b2y Ah + b^h A x) 

= [cix Ay + C2j/ Ah + c^h A x,y] + [h, bix Ay + 622/ A h + b^h A x] 

= Acsj/ A a; + (1 + X)bix Ay + A62J/ Ah + b^h A x 

so 61 = Ac3 and 63 = A63, so again 63 = if A 7^ 1 and no restriction on 63 for A = 1. The third condition is 

S[x, y] ~ [Sx, y] + [x, Sy]; since [x, y] — 0, we get 

= [aix Ay + a2y A h + a^h A x,y] + [x, bix Ay + &2J/ A h + bsh A a;] = Xa^y Ax — 622/ A x 

so &2 = Aaa- As a consequence, the general form of a 1-cocycle is, for A 7^ 1: 

S{x) =■ a\x Ay + a^h A x 

S{y) = AC3X Ay + Aasy A h 

6{h) — cixAy + Xaiy A h + c^h A x 

and for A = 1: 

S{x) — aixAy + a2y A h + a^h A x 

S{y) — C3X Ay + a^y Ah + b^h A x 
S{h) — cixAy + aiy A h + c^h A x 

U 

Case r3.A with \X\ < 1, A 7^ ±1. 

Proposition 6.2. The automorphism group of the Lie algebra rs.A with X 7^ ±1, is the following subgroup 
o/GL(3,M); 

/i a 
Aut(g) = { \ ly b \ : ^lu ^ 

1 
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Proof. Let us sec that if (/) : g — > g is an autoniorphisni of Lie algebra, then 

(^(x) — ^ix; (j){y) — vy; <j){h) = h + ax + by 

for some /x, :^, a, 6 G R, fJ-ji' ^ 0. Actually, the elements x and y may be characterized, up to scalar multiple, 
as the generators of [g,g] and eigenvectors of adz, for all z e g \ [g,g]. Moreover, given such z, the element 
X distinguishes from y as being the eigenvector corresponding to the eigenvalue with smaller absolute value. 
Explicitely, if z ^ [flj 0]j z ~ ch + ax + by with c 7^ 0, 

adz(x) = [ch + ax + by, x] — ex, eidz{y) = [ch + ax + by, y] = cXy 

where |A| < 1. This implies 0(a;) — iix and 4>{y) = vy, for some fx, v ^ 0. 

Let (l){x) — X — iix, (j){y) = y = i^y, (f'ih) = h ^ ch + ax + by; if </) is a Lie algebra morphism, then 
[h,x] — x, so c — I. n 

Let (p be as before, and let S' := {(f> A (f))^^5(t>\ explicitly 

ai+aafc \ £3+003 ei+o(oi + 03b)(l+A)+tiC3(l+A) 

<5' = I Aaa x^^^^ 

03 23±££3 



Notice that, if 03 ^ 0, by means of an automorphism with b = —ai/a^ and a — —cs/a^, we get 6' with 

a'l = = c'3; exphcitly (5' = Q Aag 'o ^ M^ ^""^ 

VagO /VaaOO 

Co-Jacobi condition for 6 (recall A 7^ ±1) is (1 — A)(a3Ci — aiC3(l + A)) = 0, or equivalently agCi — aiC3(l + 
A)) = 0. If 03 = 0, this condition reduces to aibi ~ 0. Note that, up to isomorphism, we may independently 
change ai and 61 by a'l — a^jv and Cg = cg//! respectively. But also, because one of them is zero, we have 
the following possibilities: 

• (a\,C'i) = (0, 0), ci = or 1 because c\ is determined (up to isomorphism) up to scalar multiple. 

• {a,\, C3) — (1, 0), and C\ changes into c'j^ — (ci + a(\ + A))//i (we need i/ = 1 in order to preserve a!^ — 1), 
we see that we can choose a such that d^ — 0. 

• (01,03) = (0, 1), and c\ changes into c'^ = (c\ + b{\ + A))/;^, so we can also choose c\ — 0. 

If 03 7^ 0, we may assume oi = = C3, then co-Jacobi implies c\ ~ 0. Hence, every cocycle with 03 7^ 
satisiying co-Jacobi is equivalent to 

\ 

(5a, = I a3A : ^ 03 e : 

03 y 

The parameter 03 can not be modified using a Lie algebra automorphism, it is an invariant; we have a 
1-parameter family of isomorphism classes, parametrized by ag. 

/ M \ 
The bialgebra automorphisms are of the form 0= v :/i,z^7^0. We have finished the proof of 

V l/ 
the next statement. 

Theorem 6.3. The set of representatives of all isomorphisms classes of Lie bialgebras on r3^A : A 7^ ±1 is 
given by the following cobrackets 

100\ /0A0\ /O 0\ 

03 e 





A \ 


1 


' 











and 





Aa3 





1 y 


\ 


> «3 
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Case g = Vs.a with A = —1. Let us recall that r3.A=-i is the Lie algebra with bases {x, y, h\, and bracket 
[h^x] = X, [h,y] — —y, [x,y] = 0. The automorphisms group of r3.A=-i, in the ordered basis {x, y, h}, 
identifies with the following subgroup of GL(3,M): 

/ /010\ / ^1 a\ \ 

Aut(r3,A=-i) = { (/-o = 1 , cl)^,,,a.b - ly b \ : fiiy^o) 
\ \0 -1 J \ 1 J I 

In fact, (l)^^u,a,b is an automorphism by the same reasons as above, but in this case, the absolute value of the 
eigenvalues of x and y are the same. Actually, 

a; M- y; y M- x; /i h^ —h 

is an automorphism, which we denote by cfy^. Moreover, any automorphism is obtained by compositions of 
the above ones. 

The set of 1-cocycles was computed for any A but for convenience in case A = — 1 we parametrize them by 

(ai bi Cl \ I ai Ac3 ci 

— a3 — ai instead of (5 = Aa3 Aai | . For these cocycles, co-Jacobi reads 2a3Ci = 0. 

03 -5i / V ^^3 C3 
The action of the automorphism group is 

ai 61 Cl 

5=\ -as -fli I I ""'"'"> 5' 

03 -61 

fli bi Cl 

(5=1 -03 -fli I I — ^ 5' 

03 -61 

Case 03 7^ 0.' Co-Jacobi implies ci = 0. But also, taking an automorphism (j) with parameters a = 61/03 and 
6 — —01/03 we get 5' with o'l = &i = 0. Besides, using 00; 03 1— >■ 03 = —03, so we may choose 03 > 0. We 
conclude that inside this isomorphism class, we have the representative 



5= \ -03 : 03 > 



ai+a^h 




bi 


-03 


Cl 

— ai— aso 


as 







-fai+aas 


/ -61 




-Ol 


Cl \ 







as 


61 


\ -03 







-b^j 




Case 03 ~ 0; In this case, co-Jacobi condition is automatically satisfied. For each 3-uple (oi, &i, ci) we have 

^ai,hi,ci ^ a_^ h_i_ c_i_ I.e. 



By means of the isomorphism 0o we obtain aditionally <5ai,6i,ci — (^-bi.-ai.ci- Choosing conveniently /i and 
v, we arrive at the following list of iso classes: 



<5o.o.o = 0; (5o.o,i = 0; (5i.o,o 





hi 


\ 




/ Ol 


h^ 


Cl 


"1 


Cl \ 




/ ~ 


M 


tiv 








-Ol 


— '^"i H <=! — 








-ai 








-^J 


M ' t- ' MI' 


V 





-bl 




^1,0,1 = -1 I ; ,5i,i,ci 

where we identify (^i.o.o — <5o.i,o; <5i.o,i — (^o,!.!- 
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7 Lie bialgebra structures on t^x with A = 1. 

Recall that Va^i is the Lie algebra with ordered bases {x, y, h} and bracket determined by [h,x] — x, 
{h,y\ = y, [x,y\ = 0. It can be easily verified that the automorphism group is the subgroup of GL(3,R) 
expressed as matrices as: 



Aut(r3, 




jjLv — pa ^ Q 



Recall that the 1-cocycles are in matrix notation given by: 5 
The co-Jacobi identity is always satisfied. 



ai 61 ci 

02 03 oi ) with 01,02,03,61,63,01 e 

03 63 hi 



Theorem 7.1. For the Lie algebra q = r3.A=i the exhaustive list of representatives of the isomorphism classes 
of Lie bialgebras, or equivalently, the exhaustive list of a representative set of cobrackets is the following : 



02 > 0, ci = 0,±1 



03^0 



a3 = 




0,±1 



0,1 



We dedicate the rest of the section to the proof of this result, which proceeds in the cases given by the 
previous diagram. 



Action of the automorphism group. S' ~ {(p A (f) ^Scj), (j) 



6«;t,p,,, then S' 



/ fi{ai-\-aa2-\-asb)-\-<j{aas-\-bi-\-bb3) L'(aa3 +61 +663 )+p(ai +002+036) a(aa2+2ai+2a3 6)+2fc6i+6 fca+ci \ 

fiv—pcr fiiy — pcr fiu—pa 

a2M^+'^(2Q3M+^3^) asp-i^+a^P^P+b^va+aspa p{a-i~\-aa2-\-azb)-\-(7{aaz-\-b-i-\'bh:^) 

pu—pa pv — p<7 pu~ p<7 

azpy+a2^P+b:^U(7-\-a?,p(T fc3^^+p(2a3^+a2p) u{aa^-\-bi-\-hb^)-]- p{ai+aa2+a^b) 

pu—pa pv — p<7 pv — p<7 
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Considering the speeial type of automorphisms with p = = cr, we obtain 

ai+aa^+asb aa^+bi+bbs a^a2+a(2ai+2a3b)+2fcbi+6^b3+ei 
g' = a2M „ ai+aa2+a3b 

„ 031^ aas+bi+bbs 

If also ji = V = 1 and a = 0, we get 

ai + 036 61 + fefeg 2661 + b^bs + ci 
S' — \ 02 03 ai + asb 

as 63 ^1 + bbs 

Case 63 7^ 0. From the previous analysis, we see that if 63 7^ 0, we can choose b such that b'l trans- 
forms into zero. Explicitly, take b = —61/63. So we may assume from the beginning, that 61 = 0. 

(ai ci \ 
^2 ^3 fli • If we use an automorphism with p = we get S' = 
03 63 ; 

fi{ai+aa2+a3b)+cr{aa3+bb3) aas+bbs \ 

^ ^ if \ . Then we can preserve the condition b'^ := if we set for exam- 

* * * / 

pie a = 63, 6 = —03. In this case, 

1 / {ai — al + a2b:i) ^ 2aib:} — alb:} + a2bl + Ci 

S' = — a2p^ + cr(2a3p + 63(7) 1/(03^ + 63(7) («! - «§ + a2fe3)M 

^"^ V Has^i + bsa) b^u^ 

Since 63 7^ 0, we may choose a ~ —a^ii/bT, to get S' with 03 = 0, so we may assume from the beginning 

(oi ci 
02 fli I . Using an automorphism with b — p — a — 0, i' — 1, we get 
63 

ai + aa2 Zaai+o-^a^+ci 

(5' = I a2/i ai + 02 I . Notice that we can make 63 = 1 by means of /i = 63 so, we may 

^ 

assume 63 = 1. We distinguish two subcases: a2 7^ and 02 = 0. 
If a2 7^ 0, we can choose a — —01/02 and get a'l — 0, so we start from the beginning with 

ci 

(5= ( 02 

1 



Now, with a general automorphism 

1 



aa2/i + 6cr bjy + aa2p 0^02 + ci 

6' = I a2fJ.^ + cr^ a2A*P + ^^r 002/" + ^''' 

^ V a2MP + I/(T I^^ + 02/0^ 61/ + aa2p 



In order to preserve the conditions a'l = 6']^ = Og = we must solve the equations 



aa2/i + 6cr = (1) 

bv + aa2p — (2) 

a2/i/5 + va = (3) 
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M 



Computing (1);^ — (2)ct we get aa2{iJ-v — pa) = 0. Since a2 ^ ^ pv — pa, we conclude a = 0. Going back 
to S' but with a = we have 

^ I ba hv ci 

6' = a2M^ + "'^ Q^2MP + ^''' ^''' 

^ V '^2A*P + i^cr i^^ + a2p^ 6z^ 

Since i^ and a can not be simultaneously zero, it must be 5 = 0, explicitly 

^ / ci 

(5' = 0,21^^ + f^ a2MP + ^cr 

^'^ P'^ \ a2p,p + va v"^ + a2p^ 

If a2 < then there exists an automorphism with convenient p and a such that Oj = 0, but this case will 
be considered later, so assume 02 > 0. The condition Og = means a2pp + va — 0. li p ^ 0, we can solve 
p — —va/{a2p) and get 




°i^ , 

In order to get 63 = 1 we need p — v, so 5' = \ 02 

1 

It is clear that applying automorphisms with /i 7^ 0, 02 is an invariant and ci may be chosen up to positive 

/ ci 

scalar. If /^ = 0, we get 5' = -^ "'^ '^'^ 

\ va v^ + a2P^ 

/ 

If we want to preserve a'2 > and 63 = we need a ^ and z/ = 0, then '5' = ^ 

V ^f^ 
/ ^^ \ 
63 = 1 then (T = —02/3, hence (5' = 02 . So, 02 is an invariant in the isomorphism class and ci 

V 1 ; 

may be chosen up to positive scalar. Hence, the list of isomorphisms classes in case 63 7^ 0, 02 7^ consists 
of 

ci 

Sa2,ci ^ \ 0,2 I : 02 > 0;ci = 0, ±1 
1 

Case a2 ^ 0, 5 = I ai . Applying 0"'^ ^ with a = = fe = /9 = cr, /^=1 

tti ci/p 
(5' = I ai 

fea/M 

so we may assume 63 = 1 . Using a general automorphism we obtain 

, / aip + ba hv -\- aip 2aai + 6^ + ci 

S' = a^ va aip + ba 

^ P \ va v^ biy + aip 
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ai/i biy + aip 2aai + b'^ + ci 
To preserve a'2 = we need a — 0, so S' = -^ i ai/i ]. Requiring also b[ — 0, 



ly bv + aip 



then b ~ ^^, '^' ^ 7717 I ai/x • The condition 63 = 1 imphes fi — v, then 



^ 1^2 



/ aj. (. 2aai + (i^) +ci 

^ 



Vol 

We distinguish the cases ai 7^ and ai ~ 0. If ai 7^ 0, set fi ~ ai to get a'j^ = 1, then 

1 (2a + p2 + ci) 
5' = I 1 

1 

then a may be chosen such that c'l — 0, so the isoclass has only one representative 

/ 1 \ /GO ci/^2 

(5o = 1 .In case ai = we have (5' = | , so ci may be chosen up to positive 

\ 1 / \ 1 

scalar. Hence the set of isoclasses with 02 = and 63 7^ is 



Sa= \ 1 ; (5c, = : ci = 0, ±1 




Case 63 == If we take an automorphism (t)p=o , 6' — \ "■^fj.+^aaa ^^ _^ 

a3 ^^^ 

Subcase bs — and 03 7^ 0. If 03 7^ 0, we may choose a and fi such that a'2 = and a such that b'l = 0, 
so we may start with 

ai ci 

(5=1 03 ai 

as 

( ai+asb g cj^ 

03 ai±23b 

a3 

Besides, if we take a convenient 5, we get a'l = 0. So we may start with (5=1 03 I ; applying 

''-"''' to the previous S, we get 




'^fi.u^p.a 



bji + aa av + bp 2ab-\-ci/aj, 
2fia pv + pa bp + an 
^ ^ \ piy + pa 2vp av + bp 



6' = 2pa pi' + pa bp + aa 



In order to preserve the conditions oi = = 02 = 61 = 63, we need to solve the equations bp + aa = 
0, av + bp = 0, pa = 0, vp = 0. The first two equations imply a = b = and the last two say that the 

submatrix ( I has to be one the two possibilities I vT )'-"'( n ) • Hence, after appyling 
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ci 
each of these automorphisms, the given (5 = | 03 | transforms respectively into 

ag 

00-^\ /O —^ 

fii^ \ I pa 

(5' = ( ag or (5' = -og 

ag / V -ag 

then we may choose ag up to sign and ci up to scalar. 

We finally conclude that an exhaustive list of isomorphism classes in the case ag 7^ 0, 6g = 0, consists of 
the Lie bialgebras with the following cobrackets 

\ / 1 

Sas.o =1 ag ; Sa^.i = ag I : ag > 

ag / \ ag 

(ai 61 ci 

a2 ai I ; after applying a general 

61 
automorphism it transforms into S' — 

-, / ai^ + aa2^ + bia bxv + aip + aa2p 20-0-1 + 0^0-2 +2 bhi + ci 

02P^ a2fJ-p ai^ + aa2^ + bia 

^ V a2P-p a2P^ biiy + aip + aa2p 

We distinguish the cases a2 7^ or 02 = 0. Suppose feg = 0, ag = and a2 7^ 0. The maps preserving 6g ~ 
are those with p = 0, then 

, / aip, + aa2p. + bi<T biv 2aai + a'^a2 + 2bbi + Ci 
6' = — 02p.^ aifx + aa2P- + bia 

^M b,v 




Besides, if we take ct = 0, a = — |i, we get a'^ = 0; so we may start with 5 ^ \ 02 | . Applying an 

automorphism with p = 0, it maps to 

, / aa2lJ. + bi(7 biv a^a2 + 2bbi + ci 
5' ~ — 02iJ-^ aa2/i + fei(T 

^M 5i^ 



The condition a'^ = preserves if a = —tkS.^ 



, 2fc6i+ci + J— 2- \ 

Q £1 °2M 

/^ III/ 

a2A£ 

(,2^2 
, , 26fci+ci + J^- 

5i/^ ^ 



then a2 can be chosen 



up to scalar. If we choose a2 = 1 and also p, — i^, then '5' = 1 n 'n • Hence 61 is 

bi/fi 

determined up to scalar, so the possibilities arc &i = or 61 = 1. 

. ' " ^\ 
Subcase bi = 0: S' = \ 1 , then ci may be chosen up to positive scalar. The list of isomorphisms 

0/ 

■ ci 

classes in this case is given by'((5=( 1 ):ci==0, ±1^. Subcase 61 = 1. Let yU = 1 then 
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Wc may choose ci = 0. In this case there is a unique isoclass given by 




Suppose b^ — 0, a^ — and 02 — 0. We start with (5=1 ai | . After applying a general 
isomorphism it is mapped into 

-. / fli/i + 6icr aip + biiy 2aai + 2bbi + Ci 

S' = aiiJL + hi(7 

^^^-P^\ aip + 611. 

If the pair (ai, &i) 7^ (0, 0) then there exists a linear transformation J of determinant 1, such that 

(ai/i + feiCT, aip + biv) = (1, 0). This says that the cobracket 5 belongs to same isoclass that one with ai — 1 

/ 1 ci 
and fei ~ 0. If we make such a choice, namely (5=0 1 | , then it transforms under a general 

\ 
automorphism into 

, / yu p 2a + ci 

5' = M 





so, if we whish to preserve b'^ = 0, it must be p = 0, then 6' equals (5' = I - I . In order to 







2a+ci 



1 

preserve also a'^ = 1 we need v = 1; then (5' = | 1 | and we may choose ci = 0. Hence, in this 



/ 1 

case we get only one representative given by (5 = 1 

\ 
// the pair (ai, &i) = (0, 0) then 






^U — p<7 

and (5' =( 


We conclude that there are two representatives for this case, namely 




ci = or ci = 1. 

8 Lie bialgebra structures on tg ^^ 

In basis {h, x, y}, the Lie algebra Vg ^ has the following brackets: [ft,, x] = Ax — y, [ft, y] = x + Ay, [x, y] = 0. 
Remark that, in the basis {x, 2/}, the linear transformation ad?j has matrix \ )• Notice the similarity 
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with the matrix associated to multiplication by the number X — i. A straightforward computation shows 
(A20)s = if A 7^ and (A^fl)^ := Mx A j/ if A = 0, for g = r^^. 

1-cocycle condition. Sea 6 : q ^ A^g a 1-cocycle. From = S[x, y] = [Sx, y] + [x, Sy] we get 

— [aix Ay + a2y A h + a^h A x,y] + [x, bix Ay + 622/ A h + b^h A x] 
= {a2 + a^\ - b2\ + b^)y A X 

hence, 02 + ay,\ — A62 + ^3 = 0. The 1-cocycle condition for [ft,, x\ — \x ^ y gives 

\6x — 6y = [Sh, x] + [h, 6x] 

= [cix Ay + C2y A h + c^h A x,x] + [ft,, aix Ay + 02?/ A ft + a^h A x] 
= (-Ac2 + C3 + 2Aai)x A y + (a2A + 03)?/ A ft + (-02 + Aa3)ft A x) 

So 

Afli — 61 = — Ac2 + C3 + 2Aai 
Aa2 - h = a2A + 03 
Aa3 — 63 = — 02 + Afls 

then Aai + 61 = Ac2 — C3, —62 = 03, &3 = 02- Similarly, [ft,, y] ^ x + Xy gives 

Sx + X5y — [(5ft, y] + [ft, 5y] 

^ (c2 + C3A)y A a; + 2Xbxx Ay + (62A + 63)2/ A ft + (-62 + A63)ft A x 

then 

fll + A61 = — C2 — Ac3 + 2A6i, 02 + A&2 = A&2 + &3, ^3 + -^^3 = -h + A63 

Summarizing, we get 

02 = &3, 03 = -&2, 

Afo2 - h = ^0.3 + 0-2, A61 — ai = C2 + Ac3, 61 + Xai = Xc2 - C3 

The last two equations are equivalent to 

_ ai(A2-l) + 2A6i _ 6i(A2-l)-2Aai 

^'" rTA2 ' ^'" tta^ 

while the first three ones are equivalent to 

02 = -Aa3, 62 = -a3, ^3 = -Aa3 

The general 1-cocycle, in basis {x, y,h}, {x Ay,y A h,h A x} is given by 

ai bi ci 

-Aa3 -as i^^2 

as -Aa3 ^^'^i 

For a 1-cocycle, the co-Jacobi condition is 2-^ — i+^y ^ '^■ 

Proposition 8.1. T/ie automorphism group of the Lie algebra Vg ^, expresed as matrices in basis {x,y,h}, 
is the following subgroup o/GL(3,M) 

^ —a a 

a /i b I : /i, cr, a, 6 € M, /i^ + (T^ 7^ 

1 
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Proof. Using that [g, q] is generated by x and y and it is invariant under automorphism, we conclude that any 
automorphism (j) restricted to [g, g] must be of the form (/'(x) = fix + py and (py = ax -\- vy, with fiv — pa ^ 0. 
Also, writing 4){h) = ax + by + ch, since (f) is an automorphism of the Lie algebra, we have 

c[h, (px] — [(j)h, (j)x] — X(j>x — (py, c[h, (f>y] — [(ph, (py] — (px + X(py, 

in matrix notation, 

P <y\fX -l\/A -i\fp <7 
P ^ )\i \ ) \l \ )\ p ^ 

Taking determinant wc get c—\, and if ) commutes with the matrix f. n ) then it must be 

of the form f | • D 

\a p J 

Action of the automorphisms group on 1-cocycles. The efect of an arbitrary automorphism on a 
general 1-cocycle is the following S' = 

ai^-\-bi(T — a3{fi{a\—b)-\-a{a-\-b\)) 61/^— aicr — a3(6(A/^+a")+a(/i — Ao")) / 

^2+0-2 ^2_|_cr2 Ci 

-osA -03 * 

03 -a3A * 



with 



, ci(l + A^) - A(-2a(6i + aiA) + a^agfl + A^) + b(2ai - 26iA + 036(1 + A^))) 
Ci = 



Recall that co-Jacobi condition reads 2— — i+a^ "^ 0, or, equivalently (af + hi) \ + a:iCi{l + X^) = 0. 

We will make some simplifications using the automorphism group. 

Case 03 7^ 0. If we choose an automorphism with p — 1, a = 0, then S' has a[ — ai + 03(6 — Xa) and 
b[ — hi — (Xb + a) , so we can choose a and b such that a'l = = b[ ; hence, we may suppose from the begining 
that fli = and 61 = 0. But now ai = fei = together with co-Jacobi imply a3Ci(l + A^) = so 0301 = 0; 
since 03 7^ 0, ci = 0, hence 



Sas^x = I -Aa3 -as 

as -Aa3 

To compute the automorphism group, notice that 4>^.u,a.b transforms (5ai=hi=ci=o into 5' with c'l — —Xa^ "a+gys > 
so in case A 7^ the only possibility to preserve ci = is a = 6 = 0. Hence, the automorphism group in case 
as 7^ 0, A 7^ is 

p —a 

a p I : ^,cr eM, ^^ + CT^ 7^0 

1 

But if A = 0, 5a-i^^bi=ci=o transforms by (pfx^u.a.b into 

bn — aa bcr+ati rv 

a3]^5+^ -03712+5* 

5' ^\ -as -037^+11 

Since 1 is invertible, the only way to preserve ai = 61 = is with a = 6 = 0. Hence, the 

\a p J 

automorphism group in case as 7^ 0, A = is the same as in case A 7^ 0. 



20 



Case a3 = 0. If A 7^ 0, co-Jacobi implies ai = bi = 0; conjugation by (j)^,u.a.b gives 









Cl ^ 




( ^ 














^5' = 














/ 




\ 









5^\ \^5' =\ ^V 

so Cl can be choosen up to positive scalar. We may take 0, ±1 as representatives. In case a^ — Q but A = 0, 
co-Jacobi identity gives no further information. We study the action of the automorphisms group in this 
case. (5a3=o,A=o transforms by (f>fj,.u,a,b into 

ai^-\-bia —aia-\-bi^ 

S' = \ 






The pair (ai, 61) transforms as oi + ibi n> "'''Xla^ ^^ ^^^ complex plane. We know that there are two orbits: 
{ai,bi) = (0, 0) wich has trivial action and it gives the same cobrackets as for A 7^ 0, and {(ai, 61) 7^ (0, 0)}, 
which has free C*-action. For the second case, one can take (ai, 61) = (1, 0) as a representative. We conclude 
that a set of representatives of Lie cobrackets in case 03 = 0, A = is given by 

Cl \ 
(5= ( :ci =0,±1, ,5(i'") = ( -1 |:cie 
0/ 

The automorphisms group of the Lie bialgebra with Sci is 




Theorem 8.2. The set of isomorphism classes of Lie bialgebra with underlying Lie algebra tg ^ in the case 
A 7^ is given by the following list of cobrackets: 

/ 00\ /00±1 

Sas.x = —^a^ —03 : a3 G M and Sq^ci =00 
\ 03 -Aa3 / ' \ 

Ln case A = 0, we have the previous set specialized in X — 0, together with the following 1-parameter familly 

10 Cl 
(5^^°) = ( -1 I : Cl e 



9 Lie bialgebra structures on 5u(2) 

l-Cocycles. Consider su(2) as the K-span of the following matrices: 

I f i 0\ l/Oz\ 1/0-1 

then the Lie brackets verify [u,v] = w, [v,w] = u, [w,u\ ~ v. This is a simple Lie algebra, then every 
1-cocycle is a 1-coboundary. If r = au A v + Pv A w + jw A w G A^su(2), with a, /?, 7 € M, the 1-cocycle 
associated to it is d{x) = ada;(r) = [x,r] for any x £ su(2). The Co-Jacobi condition for S is equivalent 
to [r,r] G (A^0)8 with [r,r] — 2{o? + /3^ + 7^)u A u; A i;, so it is satisfied for any r since (A^g)^ = A^g for 
— su(2). We get 

(5(u) = 7u A w — cxw A u; S{v) = —j3u A v -\- av A w; 5{w) = —77; Aw + j3w A u; 
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7 -P 
or, in matrix notation 5 ^ \ a —7 

-a 13 

Automorphisms and isomorphism classes. If t/ € SU(2), tlicn conjugation by U gives an automor- 
phism of tlic Lie algebra su(2). If we parametrize such a matrix by 



U = 



a + ib c + id 
— c + id a — ib 



with a, b,c,d^ M, a^ 



1, we have the automorphism 0(7 (M) — UMU ^, where M G su(2). 



Straightforward computation shows the following: 

(j)u{u) = {a^ + b"^ - c^ - d^)u +2{-ac + bd)v -2(bc + ad)w 

(t>u{v) = 2{ac + bd)u +{a^ - b"^ - c^ + d^)v +2{ab - cd)w 

(j)u{w) = -2{bc~ad)u -2{ab + cd)v +{a^ - b"^ + c^ - d'^)w 

and 5' := (0 A (fj^^Scj) is given by ^ = 



/ a{ab - cd) + /3{ac + bd) 
+ i^(a2 - 52 - c2 + rf2) 


a{ad + be) + "f{ac — bd) 
+i/3(-a2-62 + c2 + d2) 


\ 





^a{a^ -h' + c'- d') 
I3{ad ~ be) - j{ab + cd) 


a{cd — ab) — P{bd + ac) 
+ i7(-a' + &' + c2-ci2) 


ia(-a2 + h'--c'-+ d-") 
\ +I3{bc ~ ad) + -fiab + cd) 





'~a{ad + be) + ^{bd — ae) 
+ i/?(a2 + 62 _ c2 - d2) ) 



Suppose 7 7^ 0, and take b = d = 0, then 



7(a2 - c2) + 2l3ae 27ac + I3{c^ - a^) 

y=| a(a2 + c2) -2/3ac + 7(c2-a2) 

-a(a2 + c2) -27ac + ;3(a2-c2) 



So, if c = a 



/3 + V/3"+7" 



5' 



then 7' = 0. Assuming 7 = and letting a = d = 0, we get 

2a&c + /3(-62 + c2) 

-a(62 - c2) - 2/36c 

a(62 - c2) + 2(ibe ~2abe + /3(62 _ c^) 



assume from the beginning 7 = /3 = 0. We get 
5' ^a 



So if /3 7^ 0, we can use (pu with a = d = Q^e = b[ "v" 1 then 5' has 7' = and j3' = 0. So we may 



2{ab - ed) 



(-a2 + 52-c2 + rf2) 



2{ad + be) 

(a2-62_^^2_^2) 2(cd-a6) 

-2{ad + 6c) 



In case a = 0, we have the trivial cobracket. If a 7^ , the condition on the automorphism preserving the 
condition /? = 7 = is given by the equations: 

ab — ed, ad = —be 

These equations imply a26 = —bc^, so if 6 7^ 0, then a = c = and S' is given by 



6' 





-a(62 + d^) 

a(62 + rf2) 
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but b"^ + (P = 1, so 5a = (5_Q. 

Next wc consider the case b — 0. We have cd = Q = ad. If rf = 0, 



6' ^ \ a{a^ + c^) \ =6 

-a{a'^ + c2) 



If ^7^0 thena = c = 0, d = ±l and (5'= I -ad^ ] = S. 

ad^ 

Proposition 9.1. The set of isomorphism classes of Lie hialgebras with underlying Lie algebra su(2) is 
given by the 1-parameter family 

/ 
Sa= I aOl:a>0 

\ -a 

For each a 7^ 0, the automorphism group is 

a^ - c^ -2ac 
2ac a^ -c^ ) : a, c G M, a^ + c^ = 1 ^ ^ S"^ 
1 

Remark 9.2. For any r ^ au^v+|3v^w+^w^u ^ h.^5u{2), [r,r] = 2(a^+;9^+7^)uAwAw G (A^su(2))''"(2). 
We have two possibilities: 

• [r,r] — Q if and only if r = if and only if S = 0. Notice that the the only triangular structure is the 
trivial one. 

• 7^ [r,r], and so (su(2),(5) with S(—) = ad(_)(r) is almost factorizable. 

It was known (see [A-J]) that su(2) admites a unique almost factorizable structure up to scalar multiple. 
This is in perfect agreement with the results of this section. 

10 Lie bialgebra structures on s((2,IR) 

l-Cocycles in sl(2, M). The Lie algebra sl(2, R) is usuaUy presented as generated by {x, y, h} with brackets 
[ft-, x] = 2a;, [ft, y] = — 2y, [x, y] = ft. But it is convenient to consider instead the ordered basis {u, u, w} of 
s[(2, M) and {u Av,v Aw,w Au} oi A^s[(2, M), where u = ft/2, v = (x + y)/2 and w = (x - y)/2 i.e. 

1/1 0\ 1/01\ 1/0 1 

"=Ho -lj'"=Hl 0J'"=2Ul 

In this basis, the brackets are given by [u,v] — w, [v,w] — —u, [w,u] — —v. As in the case su(2), the Lie 
algebra s((2,]R) is simple, then every 1-cocycle is a 1-coboundary and the general considerations made for 
that case hold here. If r = q;uAw + /3wAw + 7wAm, then the 1-cocycle associated to it is (5(z) = ad2(r) = [z,r] 
for any z E sl{2,M.). Hence 

6{u) ~ — 7u Aw — aw A u, (5(w) = /?u A w + aw A w, (5(w) — ^v Aw — fiw A u, 

-7 /? 
in matrix notation, (^ = | a 7 | . Co-Jacobi is automatically satisfied. 

-a -ii 
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Automorphisms. In a similar way to the su(2) case, if S* G SL(2,]R), then conjugation by S gives the 
automorphisms of the Lie algebra s((2,M). If S* = I j )i with a,b,c,d e K, arf — 6c = 1, then the 

automorphism (j>s given by (j)s{M) — SMS^^ for any M G sl{2), maps u, v, w to 

'/'s(w) = {ad + bc)u + (cd — ab)v — (cd + ab)w 

^Siv) = {bd-ac)u + a^-fc^-c^+d% + a^-b^+c--d^ ^ 

2 1 t.2 2 j2 „2 I .2 I ^2 I .2 



(j)s{w) = -{bd + ac)u + ° +" -" -'^ V + ° +" +^ +^ w 



In matrix notation, 




bd — ac —{bd + ac) 

2 2 

2 2 

Let US denote by k = a^ + fe^+c^+d^, ki_3 == — a^+6^ — c^ + rf^, K3^4 = a^+6^ — c^ — rf^, ki^4 = — a^ + &^+c^ — d^, 
etc. i.e. the subindices point out the places of the negative signs. If 5' := (0 A (j))^^S(f) then it is given by 

Q!Ki,3+2^(ac-6d)+7Kl,4 -Q(afc+cd)+;3(()c+ad)+7(-a6+cd) 

2 
aAt— 2/3(ac+6c?)+CK3 4 QKi_3+2/3(ac— 6c?)+7^i^4 

2 2 

— aH:+2/3(ac+6d)— 7^3,4 Q 

2 a{ab+cd) — f3{ad-\-bc)-\-^{ab—cd) 

li a — d and c = —6, with ad — 5c — a^ + 6^ = 1, we get 

/ -2l3ab - 7(a2 - ^2) /3(a2 _ 52^ _ 2706 

,5' = a 2fiab + 7(0^ - b^) 

\ -a -/3(a2 - 62) + 27a6 

Because a2 + 52 = 1, there exists e M such that a = cos(9) and b = sin(6'). It follows that 

(3' = /3(a2 - 62) _ 2706 = P cos(26l) - 7 sin(20) 
7' = 2/3a6 + 7(a2 -62) = /3sin(26i)+7Cos(26l) 



Namely, the pair {/3,j) transform as a rotation, so we can change it, for example, into (\//32 + 72, 0). In 
other words, we can assume that 7 = and that /3 > 0. 

/ /3 \ 
Now if (5 = a with /3 > 0, we can take an automorphism with d = a, b = c and 

\ -a -13 J 
ad — be = a? — b^ = 1. Such a, 6 may be writen in the form a — cosh^, 6 — svahO for a G M. Under an 
automorphism like this, 5 changes into 

/ /3(a2 + 62) - 2aa6 

,5' = -2/3a6 + a(a2 + 62) 

\ 2/3a6 - a(a2 + 62) -(i{a^ ^b"^) +2aab 

This says, for the coefficients of 5' , that 7' = 0, 

/3' = /3(a2 + 62) - 2aa6 = /3 cosh(2e') - a sinh(26') 
a' = -2/3a6 + a(a2 + 62) = -/3sinh(20)+acosh(2^) 

There are three possibilities: 

1. 0^ — a^ > 0. In this case, we can choose 6 such that a' ~ 0. 

2. /32 — a2 < 0. In this case, we can choose 6 such that /3' ::= 0. 
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3. f? — o? ^ 0. In this case a — ±/3. But the automorphism with a = rf = 0, 6 = 1 = — c changes cJ ~ a 
and /3' = — /3. So, we can assume /3 = a. 

Case a = 0, /3 7^ 0. In this case, under a general automorphism, 8 changes into 

/3(ac - hd) f3{ad + be) 

6' ^ \ -/3(ac + M) -/3(ac - 6d) 

/3(ac + bd) -/3(ad + 6c) 

An automorphism preserving a' = = 7' must satisfy ac = = bd. If a 7^ then c = 0; but ad — be ~ 1, so 
d 7^ 0, 6 = and d ~ a^^; in this case S' — S. 

If a = 0, then 6 7^ since ad — 6c = 1; so d = and c = —6^^. In this case 6' = —S. We conclude that (3 
may be chosen up to a sign, so a list of representatives of the isomorphism classes is given by 

0/3 

I :/3>0 

0-/3/ 

For each of these, the automorphism group is<(/)5:5=( „ _i );07^aGMj>. Notice that (ps = 0- 
so this group is connected, and, it is isomorphic to (R, +). 

Case a y^ 0, /3 = 0; Under an automorphism <ps, 6 - 



a 
2 




-a^ + b^-e^ + d^ -2{ab + ed) 



a 



-{a^ + b^ -e^ + d^) 2(a6 + cd) 



If /3' = 7' = then 



a^ + b"- 


-c2+d2=o 




a6 + cd = 




ad — be = 1 



(4) 
(5) 
(6) 



If c = 0, then 



a-" + 6'' + d-" = 0, a6 = 0, ad = 1 



The last two equations imply a 7^ 0, 6 = 0, d = a^^ and the first one gives a* = 1 then a = ±1. In both 

cases, the automorphism acts trivially. 

If c 7^ we solve d = —ab/e from equation (5) and the other equations transform into 

(a2 + c2)(c2-62) a^ + e' 

2 = 0> -b = 1 

c^ c 

Since c 7^ 0, the first equation is equivalent to c^ = 6^ then 6 = ±c. But if 6 = c, the last equation gives 
— (a^ + c^) = 1, which is absurd, so 6 = — c, hence a^ + c^ = 1 and d = a. If this is the case, 6' — 6. The set 
of isomorphism classes of this type is the 1-parameter family of representatives given by 



6a = a\ 1 \ -.aeR, a^O 
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For each of theses classes, the autoniorphisms group consists of 



\ 1 \ / a^ -c/ -2ac 

9s:^=l I ^M,a2 + c2 = ll = M 2ac a^ - c^ 

a 
Case a ~ f3: li S = [ a | then under an isomorphism $5 we get 
-a —a 

-a-W+2ac-c^-2M+d^ ^2{a - c){b - d) 

S' = Ct \ a^+b^-2ac+c'^-2bd+(f a^ -b^ -2ac+c'^+2bd-d^ 

a'-h'+2ac-c'+2bd-d' 2(a-c)(6-d) 

If one wants to preserve a' = /3', 7' = then we have two possibihties: a = 0, or 

-a^ + 6^ + 2ac - c^ - 2bd + d^ = 0, 
a^ + b^ - 2ac + c^ - 2bd + d^ = -2{a-c){b-d) 

which are equivalent to (6 — d)^ = — (a — c)(fe — d) and (a — cf' = [c — a){b— d), then c — a = 6 — d, so, setting 

10 
d — a — c + b we get (5' = a{a — c)^ | 1 | . The condition on a, 6, c, d is ad — be — 1, then 

-1 -1 

1 = ad — be = a(a — e + b) — be 

= a{a + b) — e(a + b) = (a + b)(a — e) 

So, there is no restriction on the value of a — c, except being different from zero. Inside its isomorphism 
class, a is determined up to positive scalar and it is enough to take a = ±1. Hence, there are only three 
isomorphism classes of triangular Lie bialgebras on s[(2): 

000\ /010\ /O-IO 

(5o = I ; (5i = 1 ; (5_i = -1 

000/ \-10-l/ \101 

Proposition 10.1. The set of isomorphism elasses of Lie bialgebras on sl(2,W) are given by the following 
representatives 

0;30\ /GOO 

Faetonzable: (5^ =(0 :;3>0; 5^= [ a Q \ : a (^M., a ^ 0. 

-P J V -a 

Triangular: S — 0: 61 

Besides, the Lie bialgebra eorresponding to Sp verifies g = 0^°''- On the other hand, although (5_i = — (5i, the 
corresponding Lie bialgebras are non isomorhphic. 

Remark 10.2. For any r = auAw + /3wAw + 7W A u G A^s[(2, K), [r, r] = 2{a^ — (3^ — l^)u AvAw€ 
A3s[(2,R) = (A3sl(2,M))^'(2«. We have the possibilities: 

• [r, r] ~ if and only if a^ ^ j3'^ — j'^ ~ 0. So, unlike the su(2) ease, there are non trivial triangular 
structures, explicitly given by 5±i with a = /3 = ±1. 

• Oj^[r,r], and so (sl(2,M),(5) with S(—) = ad(_)(r) is factorizable. 

The factorizable structures for sl{2, R), up to a scalar multiple, are well known (see [A- J]). This is in perfect 
agreement with the results of this section. 
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